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Abstract 

We define the generalized variance based on requiring that (i) it equals the usual variance for 
pure states and (ii) it is concave. For a quantum system of any size, we show that the usual 
variance is the smallest generalized variance, which makes it optimal for using it in entangle- 
ment criteria based on uncertainty relations. Similarly, we define the generalized quantum 
Fisher information, replacing the requirement of concavity by convexity. For rank-2 density 
matrices, we show that the quantum Fisher information is the largest among generalized 
quantum Fisher informations. We relate our findings to the results of [D. Petz, J. Phys. A: 
Math. Gen. 35, 79 (2003); P. Gibilisco, F. Hiai and D. Petz, IEEE Trans. Inform. Theory 
55, 439 (2009)]. 



1 Introduction 



Quantum entanglement is at the heart of quantum information science [T] . If a quantum 
state is entangled, it cannot be written as a convex sum of product states p]. Such 
entangled states can be used for certain quantum information processing tasks (e.g., 
quantum cryptography, quantum teleportation), or for quantum metrology [21 II]- To 
decide whether a quantum state is entangled is a very difficult problem, however, there 
are several powerful sufficient conditions for entanglement. Some of these conditions 
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are linear in operator expectation values, which are called entanglement witnesses [5]. 
There are also entanglement criteria that are nonlinear in operator expectation values, 
such as variance based criteria and criteria based on the quantum Fisher information 

An abundance of entanglement conditions is known with the variance defined as 

{^A)\ = {A'),-{A)l (1) 

where A is a Hermitian operator and ^ is a density matrix. On the other hand, very 
recently several powerful entanglement conditions have been found with the quantum 
Fisher information [3l S] defined as [31 El HOl [IH [121 [I3] 

F^-i,,A] = 2 5^i:^^|A/. (2) 

In Ref . [11] , it has been shown that it is possible to define generalized variances and 
generalized quantum Fisher informations. In fact, the two notions are closely connected 
as for every generalized variance there is a corresponding generalized quantum Fisher 
information. Thus, the question arises: Would it be possible to define entanglement 
conditions with these generalized quantities that are more powerful than the ones with 
the usual variance and the usual quantum Fisher information? 

In this paper, we will show that the usual variance is the optimal one, which also 
explains why the entanglement conditions based on variances are so powerful. Thus, 
the entanglement conditions based on variances cannot be straightforwardly improved 
by replacing the usual variance by some other generalized variance. In the second part 
of the paper we define the generalized quantum Fisher information. The quantum 
Fisher information has also been used in entanglement conditions [31 II]. For rank-2 
density matrices, we also find that such conditions are optimal and replacing the usual 
quantum Fisher information by some other generalized quantum Fisher information 
cannot improve these conditions. However, for the general case for density matrices 
with a rank larger than 2 remains an open question. 

The paper is organized as follows. In Sec. 2, we discuss entanglement detection 
based on variances and the quantum Fisher information. In Sec. 3, we discuss the 
case of generalized variances. In Sec. 4, we consider the generalized quantum Fisher 
information. In Sec. 5, we related our results to that of Ref. [HI [T7] . 
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2 Motivation: entanglement detection with variances and the 
quantum Fisher information 

In this section we will describe entanglement criteria based on variances and the quan- 
tum Fisher information. Our motivation for the search for generalized variances is 
looking for the possibility for improving these conditions. 

We will now summarize the basic ideas of entanglement detection based on variances 
as explained in Refs. [H EJ [TJ |H] • For a bipartite system, for a product state of the form 
= ^1 ® f?2 we have 

(A(Ai ® 1 + 1 ® A2))\ = (AAi)%, + (AAs)^,,. (3) 

Here, Ai and A2 act on the first and second subsystem, respectively. Let us know 
consider another set of operators, Bi and -B2, acting on the same subsystems, fulfilling 
the uncertainty relations 

{^A,)\^ + (A5,)\, > L,, (4) 

where are some constants. Based on Eq. [3] and Eq. m for pure product states it is 
possible to bound an expression constructed as the sum of two variances as 

(A(Ai ® 1 + 1 ® ^2))% + (A(5i ® 1 + 1 ® B2)f^ 

>Li + L2. (5) 

Due to the concavity of the variance, Eq. is valid also for separable states defined 
as the mixture of product states [2] 

k 

That is, any state violating Eq. is entangled. 

A very large literature exists on deriving entanglement conditions in this way. For a 
two-mode system, an example for such an entanglement condition is |8j 

(A(a; ® 1 - 1 ® x)f^ + {A{p 1 + 1® p)^^ > 2, (7) 

where we used the Heisenberg uncertainty relation rewritten for the sums of uncertain- 
ties 

(Ax)%, + {Ap)\^ > 1. (8) 

Here x and p are the canonical position and momentum operators. 

For the derivation of the entanglement condition Eq. ([5]) we used two properties of 
the variance: (i) for pure states it equals the usual variance defined in Eq. ([T]) and (ii) 
it is concave. There are infinitely many quantities that fulfill these requirements, which 
we will call generalized variances in the next section. If we found one that is smaller 
than the variance Eq. ([5]) then we could construct stronger entanglement conditions. 
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That is, we might be able to find quantum states that do not violate Eq. (|5]) with the 
usual variance, but violate it with a generalized variance. 

A similar derivation can lead to entanglement conditions based on the quantum 
Fisher information. We have to use again two properties of the quantum Fisher infor- 
mation [3]: (i) For pure states Fq^'^^^Iq, A] = 4(AA)^^, and (ii) it is convex in the state. 
Let us now assume that for our bipartite system we know that for pure states we have 

{AA,)\^ < M,, (9) 
where Mk are some constants. Based on these, for pure product state we have 

(A(Ai ® 1 + 1 ® A2))\ < Ml + Ma, (10) 

Then, due to the convexity of the quantum Fisher information, for mixed separable 
states we have [3]. 

F^'^'^'lg, ® 1 + 1 ® Aa] < Ml + Ms. (11) 

Any state that violates Eq. (ITT]) is entangled. 

For example, a necessary condition for separability for a two-qubit system can be 
given as 

""'[^, a, ® 1 + 1 ® (T,] < 2, (12) 

where ax is Pauh spin matrix. For entangled state (|00) + |ll))/-\/2, the left-hand side 
of Eq. f|T2|) is the maximal 4. 

As in the case of variances, we used only the basic properties of the quantum Fisher 
information in deriving our entanglement conditions, and there are several quantities 
that can be used in the place of the usual quantum Fisher information defined in 
Eq. (|2]). The entanglement conditions could be improved if there were a quantity that 
equals the usual quantum Fisher information for pure states, while it is larger than 
that for mixed states. 

3 Generalized variances 

In this section, we will define the generalized variance and the minimal generalized 
variance. We will also show that the minimal generalized variance is the usual variance 
Eq. (dD. 

Definition 1. Generalized variance var^(y4) is defined by two requirements: 

1. For pure states, we have 

varvi,(A) = (AA)\. 

2. For mixed states, var^(y4) is concave in the state. 
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There are infinitely many generalized variances that fulfill the requirements of Defini- 
tion 1. Next, we will show that it is possible to identify the smallest one. 

Definition 2. The minimal generalized variance var™™(yl) is defined by two re- 
quirements: 

1. For pure states, it equals the usual variance 

varr (A) = (AA)\, (13) 

2. For mixed states, it is defined through a concave roof construction [IB] 

varf"(A)= sup 5^pfc(AA)\^, (14) 

{pk.^k} I. 

where for each decompositions we have 

^ = ^Pfc|^fc)(^fc|. (15) 

k 

It is clear that for any generalized variance, we have 

var,(A) > varf °(A). (16) 

If this were not true, then it would be possible that by mixing pure states, the variance 
can get smaller than the average variance of the pure states, which would contradict 
to the concavity of the variance. 

Next we will prove two lemmas that we need for proving the central theorem of the 
section. 

Lemma 1 . For rank-2 states, the minimal generalized variance is the usual variance 

var--(A) = {AA)\. (17) 

In particular, this statement is true for all qubit states. 

Proof. An important property of the usual variance (Av4)2 is that 

k 

where the term (AA)^^^ can be called the "quantum part of the variance", while the 
((A),!,^, — (v4)g)^ term can be called the "classical part of the variance". If for any g 
there is a decomposition g = J2kP>'\'^k){'^k\ such that (A)^^. = (^4)^ for all k then 
clearly {AA)"^ fulfills Definition 2 for the minimal generalized variance. We will now 
show that such a decomposition always exists for rank-2 states. 
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Let us take an eigendecomposition of the state q 

^=p|*l)(*l| + (l-p)|*2)(*2|- 

Thus, in the l^*!) and [^2) basis we can write 



Let us define now the family of states 



p 
1 -p 



In the 1^1) and 1^2) basis we can write 



^p{l-p)e+">> l-p 



(18) 



(19) 



(20) 



(21) 



For these states, we have 

+ (1 -p)(*2|A|*2) 

+ ((*i|^|*2)e''^ + h.c) . 

Thus, 

+ 2v/p(l-p)Re {{^^\A\^2)e">') . 
Clearly, there is an angle 0i such that Re ((^i|A|\l'2)e*'^i) = 0. For this angle. 

In the 1^1) and [^'2) basis we can write 

_ p y^p(l — p)e~*'^i 

^p(l -p)e+^^i l-p 

The same is true for 0i + tt. In the and |^'2) basis we can write 



(22) 



(23) 



(24) 



P — -^p(l —p)e 

-^p(l -p)e+*'^i l-p 



The state q can be decomposed as 



1 



(25) 

(26) 
(27) 

(28) 
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and the two component states have (\I/0j74|\I/0-^) = {A)^ and (^0-^+7r|y4|\[^(^-^+^) = {A)^. 
□ 

Lemma 2. Let us consider an eigendecomposition of a density matrix 

go = Y,^k\'^k){'^k\ (29) 

k=l 

with all Afc > 0. The rank of the density matrix is r(^)o) = ''"o- We consider density 
matrices for which Tq > 3. Let us denote the expectation value of an operator A for 
by Ao 

TiiAgo) = Ao. (30) 
We claim that for any A, go can always be decomposed as 

Qo=PQ- + {^-p)q+, (31) 
such that r{g_) < Tq, r{g^) < Tq, and 

Tr(Af?+) = Tr(Af?_) = Ao- (32) 

Proof. First, note that Eq. fl3Up can be rewritten as 

^Afc(^fc|A|^fc) = Ao.. (33) 

k 

Let us use the notation 

ak = (34) 

With that, we have the condition 

^akXk = Ao. (35) 

k 

Moreover, from TT{g) = 1, we have 

5^Afc = L (36) 

k 

Let us now define a family of states as 

ro 

g{c) = J2i>^k + cAXk)\^k){'i^k\ (37) 

k=l 

such that 



^afcAAfc = (3^ 
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and 



(39) 



We can rewrite Eq. ( 155]) and Eq. (159]) as 



1 1 



1 



AA 








(40) 



For To > 3, there is always a AA 7^ fulfilling Eq. f l38|l and Eq. ( 139|1 . It is clear that, 
if f)(c) has non-negative eigenvalues, then g{c) is a physical state and 



TT{Ag{c)) = Ac 



(41) 



Let us now examine the properties of the g{c) family. It is clear that 



^(0) = go. (42) 

Moreover, it is also clear that around c = there is some range of values for c, such 
that g{c) is physical. So first, let us start to increase c gradually from zero until one 
of the eigenvalues becomes zero. Let us denote this value by c+. Thus, g{c) is physical 
for 

< c < c+. (43) 

We have r{g{c^)) < tq. Moreover, g{c) is non-physical for c > c+. A similar thing 
happens, if we start from c = by decreasing c gradually until one of the eigenvalues 
becomes zero. Let us denote this value by c_. Thus, g{c) is physical for 

c_ < c < 0. (44) 

Again, we have r{g{c^)) < tq. Moreover, g{c) is non-physical for c < c_. In summary, 
for any choice of g and AAfc fulfilling Eq. (138|) and Eq. (139|) . there is a family of states 
g{c) defined in Eq. (!37|) such that g{c) is physical for 

c_ < c < c+, (45) 

and r{g{c^)) < tq, and r{g{c_)) < r^. One can explicitly reconstruct these bounds as 

= -e(-AA.) 

and 
where 

^ , , I X if X > 0, , , , 

Qix) = \^ (48) 
if X < 0. 
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Let us now construct the decomposition Eq. (1311) . Direct calculations can show that 
such a decomposition exists for 

Q- = q{c-), (49) 
g+ = g{c+), (50) 

and 

p=^^. (51) 
c+ — c_ 

□ 

After proving Lemma 1 and Lemma 2, we will prove the main theorem of the section. 

Theorem 1 . For systems of any dimension, the minimal generalized variance is the 
usual variance 

varp(A) = {AAfp. (52) 

Proof. For rank-2 states, it is true because of Lemma 1. According to Lemma 2, any 
state with a rank larger than 2 can be decomposed into the mixture of lower rank states 
that have the same expectation value for A, as the original state has. The lower rank 
states can then be decomposed into the mixture of states with an even lower rank, 
until we reach rank-2 states. Thus, any state g can be decomposed into the mixture of 

^ = (53) 

such that = TT{Ag). Hence, similarly as in the proof of Theorem 1, the 

statement of Theorem 2 follows. □ 

We will present two examples in order to clarify certain issues concerning generalized 
variances. 

Example 1. Let us consider the state 

f^ = ^(|l)(l| + |-l)(-l|)- (54) 
For this state, we have (Acr^)^ = +1. Let us look at the decomposition 

L pi = i,|vl/i) = -1.(10) + |1)), 

2. p^ = i^\m^) = ^^{\Q)-\i)). 

For this decomposition (Acr^)^^^ = +1 and {^kWzl^k) = Tr((T^f)) = 0. Thus, we 
presented a decomposition such that the expectation value of A is the same for both 
sub ensembles l^^k)- 
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Example 2. Let us consider the generalized variance 

^g^^quartic^(^) = TT{A^g) - TT{Agf + TT{A\g - g^)). (55) 

For pure states, it equals the usual variance. For mixed states, it is larger than that 
and it is concave in the state. It is in fact a sum of the usual variance and a quantity 
that is concave in the state and is zero for pure states. This idea can be used very 
efficiently to obtain many different generalized variances. A quite general formula for 
such variances is 

var^=^'>,(A) = TiiA^g) - TT{Agf + ^ CkiTiiA'^ g'), (56) 

where the constants Cki are chosen such that c^i = for all k and CkiTT{A^ g^) 
is concave in g. 



4 Generalized quantum Fisher information 



In this section, we will define the generalized quantum Fisher information and the 
maximal generalized quantum Fisher information. We will show that for rank-2 den- 
sity matrices, the maximal quantum Fisher information is the usual quantum Fisher 
information. 

Definition 3. Generalized quantum Fisher information Fq [g, A\ is defined by two 
requirements: 

1. For pure states, we have 

FQ[g,A]=A{/\A)\. 
The factor 4 appears to keep the consistency with the existing literature [3]. 

2. For mixed states, Fqlg, A\ is convex in the state. 

There are infinitely many generalized quantum Fisher in formations that fulfill the 
requirements of Definition 3. Next, we will show that it is possible to identify the 
largest one. 

Definition 4- Fg'^^lgjA] is defined by two requirements: 

1. For pure states, it equals four times the usual variance 

F^^[g,A]=4{AA)\. (57) 

2. For mixed states, it is defined through a convex roof construction [IB] 

F--[^,A]= inf p,(AA)\. (58) 

It is clear that for any generalized quantum Fisher information, we have 
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FQ[g,A]<F^'^^[g,A]. (59) 
Next we will present the main theorem of this section. 

Theorem 2. For rank-2 density matrices, FQ^^[g,A] is the usual quantum Fisher 
information defined in Eq. ([2]). 

Proof. Let us consider a density matrix g of rank-2 given as 

P = g|0l)(0l| + (l-g)l02)(02|, (60) 

and a self-adjoint observable A. We will show that for any g and A exist a decomposition 
into a mixture of Qk projectors of the form 

= ^PkQk (61) 

k 

such that 

F^-'[g,A]=Y,PkAiAA)\^. (62) 

k 

From Eq. ([2]), it is clear that 

FQ[g,A]=FQ[g,A\, (63) 

where 

i= |Ai2|(|0l)(02| + |02)(0l|) (64) 

and 

A2 = (0l|^|02). (65) 

Thus, in our computation only \Ai2\ is essential, so we can reduce the problem to the 
two-dimensional space generated by and \(f>2), and instead of A, it is sufficient to 
consider the operator A. For the usual quantum Fisher information Eq.(I2]), we have 

F^'--'[g,A]=Ai2q-lf\A^2\''. (66) 
For the right-hand side of Eq. (162|) we have 

J^Pk^^AfQ, = ^[Tr{gA') - J^PkMQkAn (67) 

k k 

Based on Eq. (l63l) . Eq. (l66l) . and Eq. (167|) . Eq. (162|) can be rewritten as 

4(2g - lf\Au\' = 4{TT{gA') - J^Pki^QkA)]'}. (68) 

k 

This is the equality to be solved. Using that 

i2 = |Ai2p(|0l)(0l| + |02)(02|), (69) 
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we obtain Ti^gA^) = |v4i2p. Substituting this into Eq. fl68|) . we get 

g(l - q)\Au\' = J^Pk^^QkAf. (70) 



A simple decomposition of the form Eq. (1611) for g fulfiUing Eq. f jTOj) is given by 



and 



Pi 



P2 = -, Q2 



Q -V?(i - q) 



(71) 



(72) 
□ 



5 Connections to the definitions of Ref. [141 115j 



In this section, first we will review how Refs. [H| [T5] define the variances and quantum 
Fisher informations. We will denote them by var and F, in order to distinguish them 
from the generalized variances and Fisher informations defined in this paper. Then, we 
will show that these definitions, apart from a constant factor, fulfill Definition 1 and 
Definition 3. 



The basic idea of Refs. [HI [15] is that for each standard matrix monotone function 
/ : — )■ M+, a generalized variance and a corresponding quantum Fisher information 
are defined. First, let us consider the generalized variances. 



Definition 5. The variance according to Refs. [m [15] is defined as 

vkTfiA) = {AjfiA))-iTTgA)\ 
with the normalization condition /(O) = 1, 

J, = /(L,M,-^)M„ 

and 

h,{A) = gA, R,{A) = Ag, 
where A is Hermitian. It is also useful to define the mean based on / 

mf{a, h) = af{b/a) 

and use it instead of /. 



(73) 
(74) 



(75) 
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Next, we will review some concrete examples for generalized variances defined by the 
mean rrif. 

Example 3. The most typical generalized variances are the following [HI [15] 

1. For the arithmetic mean mf{a, h) = we have the usual variance Eq. ([T]) 

2. For the logarithmic mean mj(a, b) = iog(fe)Ii" g(a) ; have the Kubo-Mori-Boguliobov 
inner product 

var™^(A)=/ g'Ag'-'Adt- {Tig A)^. (76) 
Jo 

Note that this variance is zero for all pure states. 

3. For the harmonic mean mf{a,b) = we have 



var|5^'^~(A) 



POO 

/ TT[Aexp{-tg-^/2)fdt - {TigAf 
Jo 



We will now prove the following lemma. 
Lemma 3. For pure states 

var^(A) = m/(l, 0) x (AAf. (77) 

Thus, for pure states the variance of Refs. [HI [15] equals the usual variance times a 
constant. 



Proof. It can be shown that Eq. (1731) can be rewritten as [15] 

var^(A) = 5^m;(A„ A,)A^A,, - iJ^X^A.f, (78) 

where Xj are the eigenvalues of g, and A is given in the basis of the eigenvectors of the 
density matrix. Hence, one can see that for pure states (Ai = 1, A^ = for A; > 2) we 
have 

var^(A) = J]m;(l,0)A*^.Ai,. (79) 

Hence, Eq. dZZD follows. □ 

After we discussed the generalized variances, we will turn our attention to the quan- 
tum Fisher information. 



as 



Definition 6. The quantum Fisher information according to Refs. [T^ [T5] is defined 

F^{g-A)=Ti{Arf\g)A). (80) 
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Again, the most important generalized quantum Fisher informations correspond to 
means appearing often in mathematics. We will review three of them, corresponding 
to the three means considered In Example 3 for variances. 

Example 4- Some examples of the quantum Fisher informations are given next 

mi [IS] 

1. For the arithmetic mean mf{a,b) = the usual quantum Fisher information 
is defined as 

POO 

pnsn^i(^g.A) = / Ti[exp{-tg/2)Aexp{-t0/2)A]dt. 
Jo 

2. For the logarithmic mean mf(a,b) = iog{b)-iog{a) ' have 

POO 

F^''^{q;A)= Ti{D + t)-^A{D + t)-^Adt. (81) 
Jo 

3. For the harmonic mean mf{a, b) = we have 

It is worth to define the following notation 

F{^[g,A] = F^{0,t[g,A]). (82) 

With this definition, for the arithmetic mean mf{a, b) = FqIq, A] equals the usual 
quantum Fisher information Eq. ([2]) denoted in the physics literature as ^^[f), A] [3]. 

Lemma 4. For pure states, we have 

F^[g,A]=mf{l,0)x{AAy. (83) 
Proof. Eq. §^ leads to [9] 

where Xj are the eigenvalues of g, and A is given in the basis of the eigenvectors of the 
density matrix. With Eq. f l82|) . we obtain 



For mf{a,b) = {a + b)/2, we obtain the usual quantum Fisher information Eq. ([2]). The 
theorem can be proved substituting Ai = 1, = for /c > 2 into Eq. flHSjl . □ 
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Next, we will present the central theorems of this section. 

Theorem 3. After appropriate normalization, the generalized variances defined in 
Refs. [M1|T5] fulfill Definition 1. However, the opposite is not true. Not all generalized 
variances that fulfill Definition 1 belong to the generalized variances defined in Refs. [HI 

[ig. 

Proof. It has been proved that the generalized quantum Fisher informations of 
Ref. [HI [12] are convex and the generalized variances of Refs. [T^ [T5] are concave [16j . 
Based on this fact and Lemma 3, we see that 



var{(A) 

is a generalized variance in the sense of Definition 1. At this point the question arises: 
Are the the two definitions equivalent? We find that this is not the case. Eq. fl55|l 
is a generalized variance according to Definition 1, but cannot be written in the form 
Eq. fl73|) . On the other hand, Ref. [El [15] defines a family of variances based on a 
single-variable function /, while Definition 1 does not provide an explicate formula for 
obtaining such quantities. □ 

Theorem 4- After appropriate normalization, the quantum Fisher informations 
defined in Ref.s pj] [I5] fulfill Definition 3. 

Proof. It has been proved that the generalized quantum Fisher informations of 
Ref. [m [ig are convex. Moreover, based on Lemma 4, we can also see that 

mfil,0)F^[g,A] (87) 
is a generalized quantum Fisher information in the sense of Definition 3. □ 



6 Conclusions 



We have defined generalized variances and quantum Fisher informations. We have 
shown that the optimal variance is the usual variance for the entanglement detection 
task we considered since it is its own concave roof. We have also shown that the 
optimal quantum Fisher information is the usual quantum Fisher information for rank- 
2 density matrices. In other words, the quantum Fisher information is the convex roof 
of the variance for such matrices. These indicate why entanglement conditions based 
on variances and the quantum Fisher information can be so efficient. We related 
our findings to the generalized variances and quantum Fisher informations defined in 
Refs. [I1[I7|. 
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